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Abstract 

In their recent study of Mahonian pairs, Sagan and Savage introduced the 
notion of Eulerian pairs. A pair (S, T) of two finite sets of words is said to 
be an Eulerian pair if the distribution of the descent number over S equals the 
distribution of the excedance number over T. Let $i denote Foata's first funda- 
mental transformation and ^ denote a bijection of Han on words. We observe 
that $1 and ^ coincide when restricted to words on {1,2}. Using the inverse 
of <ì>i or ^ for words on {1,2}, we obtain Eulerian pairs on Fibonacci words, 
where a Fibonacci word is defined to be a word on {1,2} with no consecutive 
ones. By modifying a bijection of Steingrimsson, we find another Eulerian pair 
on Fibonacci words. 
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1 Introduction 

This paper is motivated by the notion of Eulerian pairs introduced by Sagan and 
Savage [9] in their study of Mahonian pairs. Let P be the set of positive integers and 
let P* be the set of words on P. For two finite subsets S,T C P*, the pair (5", T) is 
called a Mahonian pair if the distribution of the major index over S is the same as the 
distribution of the inversion number over T. Similarly, (5", T) is said to be an Eulerian 
pair if the distribution of the descent number over S is the same as the distribution of 
the excedance number over T. 

The well-known theorem of MacMahon [S] can be rephrased as the fact that 
{&n, ©n) is a Mahonian pair, where ©„ is the set of permutations on [n] = {1,2,..., n}. 
Foata [1] found a combinatorial proof of this fact by establishing a correspondence 
which has been called the second fundamental transformation, denoted $2- With the 
aid of the map $2, Sagan and Savage found Mahonian pairs {S, $2(5')), where 5* is a set 
of ballot sequences or a set of Fibonacci words. By a Fibonacci word we mean a word 
on {1,2} which has no consecutive ones. They made use of the connection between 
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words on {1,2} and integer partitions to describe the sets ^2{S) with statistics on inte- 
ger partitions such as the size of the Durfee square of a partition. They also suggested 
the study of Eulerian pairs. In this paper, we find Eulerian pairs on Fibonacci words 
based on bijections of Foata |3], Han[B] and Steingrimsson [TU] . 

Denote by F„ the set of Fibonacci words of length n and denote by the set 
of Fibonacci words of length n ending with 1. In Section [2l we give an overview of 
Foata's first fundamental transformation $i and Han's bijection We observe that 
these two bijections coincide when restricted to words on {1,2}. Moreover, based 
on integer partition representation of a word and statistics on partitions, we can use 
either bijection to describe Eulerian pairs <Ì>]"^(F„)) and (F„, <Ì>^^(F„)). In Section 
[3l we extend a bijection of Steingrimsson on permutations to a map F on words, which 
also maps the descent number to the excedance number. The resulting map is not a 
bijection on words. However, it turns out that F is injective on F^, and so we obtain 
another Eulerian pair (F„,F(F^)). Some remarks on Euler-Mahonian pairs are given 
in Section m 



2 Eulerian pairs derived from <l>^ ^ 

In this section, we shall construct Eulerian pairs on Fibonacci words by using the 
inverse of Foata's first fundamental transformation or Han's bijection on words. In 
order to prove the equidistribution of the descent number and the excedance number 
on words, Foata [3] introduced the first fundamental transformation $i. Another 
bijection was found by Han [6] in his proof of the fact that the bi-statistic (exc, Den) 
is equidistributed with (des,maj) on words, where Den is Denert's statistic, see [21 [5]. 
As will be seen, when restricted to words on {1,2}, Han's bijection \l/ coincides with 
Foata's first fundamental transformation $i. 

We adopt some common notation on words. Recali that there are two ways to 
represent a word. One can write a word u in the one-line notation a.s u = aia2 ■ ■ ■ an- 
Meanwhile one can express u in the two-line notation as 

(2-1) 

ai «2 ■ ■ ■ fln / 

where xiX2 - ■ ■ Xn is the nondecreasing rearrangement of aia2 ■ ■ ■ On- For the one-line 
notation, we often use the multiplicity to represent consecutive occurrences of a letter. 
For example, the word 112224443 can be written as 1^2'^4'^3^ or in the two-line form 

1 1 2 2 2 3 4 4 4 
1 1 2 2 2 4 4 4 3 

For a word u = aia2 ■ ■ ■ dn , the descent number des(a;), the inversion number inv(a;) 
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and the major index maj(ci;) are defined by 

des(a;) = #{i|aj > Oj+i, l < i < n — 1}, 
inv(w) = j)|ai > aj,l < i < j < n}, 

maj(tj) = ^ h 

l<i<n-l 



where # indicates the cardinahty of a set. Expressing u as in the forni of (12.11) . one 
can define the excedance number exc(cj) as follows 

exc(a;) = #{«|aj > Xi,l < i < n}. 

Based on the two-hne notation, a word u is called a cycle if ri = 1 and Xn = o-n, or 
n > 1 and a;„ = ai , Xj = aj+i for 1 < i < n — 1. It is said to be initially dominated 
if ai > tti for 2 < i < n. For two positive integers x and y, Han [6] introduced the 
foUowing notation of the cychc interval 



{z G A\x < z < y}, if X < y; 

{z G A\z > X or z < y}, if x > y. 

Fot 1 < 2 < n — 1, let Tj and T- he operators defined by 



and 



T'\ 
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Xl 

ai 



Xi—l 



Xi^l 

ai-i 
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Xi 



Xi Xi-^-i 

ai cij+i 



Xi+2 



Xi+2 



Xr, 



where 
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X y 
a (3 



X y 

a /3 



y X 

(3 a 



y X 

(3 a 

y X 

a j3 



if exactly one of a and fi hes in ]x, 
otherwise. 



Both Foata's first fundamental transformation $i and Han's bijection \I/ are de- 
vised to decompose a word into initially dominated cycles which are listed in the non- 
decreasing order of the largest elements. Below is a description of Foata's algorithm. 
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Let a; be a word as given in (12. ip . If n = 1, then u itself is a cycle. So we assume 
that n>2. If x„ = a„, then set 



Xi X2 ■■■ Xn-l \ Xn 

u = \ ] , u= [ 

ai a2 ■ ■ • cin-i I \ a„ 



If Xn^ an, let il be the largest number such that Xi^ = an and set 



If = Xn, then set 



.(1) ^(1) ^(1) 



n-2 



(1) (1) (1) 



... 


^(1) 




4" ... 


"n-2 




j , u = 







If ttj^ 7^ x„, set Z2 to be the largest number such that x^-^'' = and set 



/2) = T_,T„_4---T,;Ja;«: 



(2) (2) (2) 

ti' -j^ '-^2 Ti 3 il Ti 



U In-3-Ln-A ^t2\- J 1 (3) (2) (2) (1) 

V «1 «2 ■ ■ ■ <-3 < «il fin 



Similarly, we can repeat the above process by considering whether alj is equal to x„. 
So we can obtain a sequence of words u^^\u^'^\ . . . ,0;''*^ such that 



where a-* = x^, aH_^' ^ Xn,. ■ ■ ,ai^ ^ Xn, and 7^ x„. Let 




Cil Ciò • • • ^ 



n-t-1 



<- 


-2) 


<- 


-3) 


-1 


2 




-1) 


<- 


-2) 




-1 



00' 



n-t-1 



a. 



^n-t-l 



and 

u 



{t-2) {t-3) 
(t-2) 



Clearly, n is an initially dominated cycle. Assume that u' admits a decomposition 
tii, «2, . . . , "Ufc into initially dominated cycles, where the cycles are listed in the non- 
decreasing order of the largest elements. Then the decomposition of u is defìned to 
be Ui, U2, . . . , Uk, u and ^i{uj) (in one-line notation) is obtained by concatenating the 
bottom rows of these cycles. 

By replacing operators Tj(aj) in the above construction with T-{oj), Han [B] gave an 
algorithm to decompose a word u into initially dominated cycles u[,U2, ■ ■ ■ ,u'i^. Then 
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he established a bijection \I/ by setting \E'(a;) to be the concatenation of the bottom 
rows of "^'^,«21 • • • ) u'^- 

We now consider the restrictions of the bijections $1 and \E' to words on {1,2}. 
Throughout this paper, by a binary word we mean a word on {1,2}. Let {1,2}* 
denote the set of binary words, and let {1, 2}* denote the set of binary words of length 
n. First, we observe that as far as binary words are concerned, the construction of \I/ 
only requires transformations of the forni 



r 



1 2 \ _ / 2 1 

a /3 I \ P a 



Thus we fìnd that = for any u G {1,2}*. From now on, we shall stili 

use $1 to denote Foata's first fundamental transformation (or Han's bijection) when 
restricted to {1, 2}*. 

Next we describe the inverse map when restricted to binary words. A word 
aia2 - ■ ■ ttn is said to be initially dominated if ai > ai for 2 < i < n. For a word oj G 
{1,2}*, let L{u) denote the first element of u. Recali that the increasing factorization 
of a word a; is a sequence ui,U2, ■ ■ ■ ,Uk initially dominated words with the property 
that uj = UJ1UJ2 ■ ■ - ujk and 

L{ui) < L{u2) < ■ ■ ■ < L(uk), 

It is easy to see that such a factorization is unique. In fact, the cycle decomposition 
of the preimage $^^(0;) can be deduced from this factorization. Obviously, for each 
initially dominated factor cuj, there exists a unique word Ui such that is an initially 
dominated cycle. So we obtain a sequence of cycles 

Ul\ ( U2\ ( Uk 



Such cycles turn out to be the decomposition for To obtain the two-line 

representation of <l>]~^(ci;), it sufìices to delete the parenthesis and to rearrange the 
columns such that the top row is in nondecreasing order. 

To illustrate the above procedure, we compute for a binary word uj with d 

descents. Clearly, a word u; G {1, 2}* with d descents can be uniquely written as 

^ ^yn^^'^n'^^lJ'^ ■ ■ ■V^''T'\ (2.2) 

where mo, > 0, and mj, > for 1 < z < d and < j < d — 1. We begin with the 
increasing factorization of u, 

9... 221 ••• ^ 2 ■ ■ ■ 2 

rid-i-l mi rid 

from which we get the following sequence of cycles 

/2\ "'^"^ /l™^2\ /2\ "^^^ /2\ "'^^^^^ /l™''2\ /2^ "'^ 




1/ \2 \2V^^ \2 \2 \2V^<i \2 
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So we remove the parenthesis and rearrange the columns to get 




which can be rewritten as 



i"d-i-i]^2"'' 



(2.3) 



The expression (12.31) enables us to describe the Eulerian pairs (5, $^^(5")) when 
S = Fn and S = F^, where F„ is the set of Fibonacci words of length n and F^ 
is the set of Fibonacci words of length n ending with 1. Like the description of the 
Mahonian pairs of Sagan and Savage [9], we shall use correspondence between binary 
words and integer partitions. Making use of this connection, $]~^(i^„) and $]~^(F^) can 
be described via statistics on integer partitions. 

Recali that a partition of a positive integer n is a weakly decreasing sequence 
A = (Al, A2, ■ ■ ■ , Afc) of positive integers such that Ai + ■ ■ ■ + A^ = n. When considered 
as a word in P*, a partition can be written in the multiplicity notation. We cali each 
Aj a part of A. Denote by /(A) the number of parts of A. The Young diagram of A is a 
left-justified array of squares with Aj squares in the i-th row. 

Suppose that a; is a binary word of length n with k ones, as given by (12. 2p . We 
may consider u as the lattice path P{u}) in from (0, 0) to {n — k, k), where each letter 
1 corresponds to a north step (0, 1) and 2 corresponds to an east step (1,0). Moreover, 
the lattice path corresponding to u determines an integer partition X{u) such that the 
Young diagram of A(a') consists of the squares inside the rectangle [n — k] x [k] and to 
the northwest of P{u)). More precisely, we have 



For more details, see [H p.40] and [S]. 

The following theorem gives Eulerian pairs involving F„ and F^, where we use 
A'^(l) to denote the number of ones in a word u. Recali that the Durfee square -D(A) 
of A is the square partition {d'^), where d is the largest integer i < /(A) such that 
Al >«,..., Aj > i Denote by d{\) the size d of D{\), and let -B(A) = (A^+i, . . . , A^). 

Theorem 2.1 Let 



Rn = {ue{l,2}:\ X = A(a;), Al <n- Ar,(l), iV^(l) - 1 < d(A) < iV.(l), S(A) = 0}, 



K = {uje {1, 2}: I A = A(c^), Al = n- iV^(l), iV^(l) - 1 < d{X) < iV.(l), S(A) = 0}. 



X{oj) = (rio + ni + • ■ ■ + nd-i)"'''{no + ni + ■ ■ ■ + n^.a) 




(2.4) 



and let 



Then {Fn,Rn) and {F^, R'^) are Eulerian pairs. 
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Proof. Silice $i is a bijection on words which maps the excedance number to the 
descent number, for any set S, {S,^i^{S)) is an Eulerian pair. So it suffices to show 
that i?„ = $r'(Fn) and R'^ = $r'(^«)- 

Suppose that u = i™o2"oi™i2"i . . . i'"d2"d e F^, where ttiq = or 1 and rrii = 1 
for 1 < z < d. Notice that d = N^{1) - mQ. From (Q it follows that 

$^^(aj) = x™02''+"o~i]^2"^~^ ■ ■ ■ i2"'*-2-i]^2"'*-i~^12"'' 

Let A = A($|f ^(o;)). From the correspondence between binary words and partitions, 
we see that A has exactly d parts. Moreover, we have 

Al = n - iV^(l) - rirf < n - iV^(l) 

and Xd = d + no — 1 > d. Hence B{X) = and D{X) = {d'^). Moreover, the size of the 
Durfee square of A is given by 

r iV^(l)-l, ifmo = l; 
rf( A) = < 

\ iV^(l), ifmo = 0. 

So we see that ^i^{u) E Rn, which yields that $j~"^(F„) C R^. 

Conversely, let a = aia2 ■ ■ ■ ^ Rn- We wish to show that there is a word 
p E Fn such that $j'^(p) = a. Let k = N„{1) and fi = X{a). By the definition 
of Rn, we have fii<n — k, k— 1< d{fi) < k and B{fi) = 0. So we may assume 
that fii = n — k — t foT some t > 0. By the construction of /i, we see that t is the 
largest integer i such that a ends with 2*. If = k, then we have //^ > k and 
/(/.t) = k. Hence a takes the form 2^ak+i ■ ■ ■ a„_t_il2*. Since n — t — k = fii > pk > k, 
there exists a sequence of /c positive integers no, ni, ■ ■ ■ , rife_i such that a has the form 
2fc+no-ii2"i-i . . .2"*-i"H2*. Let p = 2"n2"il ■ ■ ■2"'=-il2*. Obviously, p G F„. In view 
of fl2.3p . we find that ^^^{p) = a. For the case d{n) = A; — 1, by a similar argument it 
can be shown that there exists a word p' in F„ such that = a. So we have shown 

that Rn C $j~^(F„,). Consequently, we arrive at the conclusion that Rn = ^i^{Fn). 

We now proceed to show that R'^ = $^^(F^). Let a; be a binary word of length 
n. It follows from (12.31) that u ends with 1 if and only if ^^^{uj) ends with l. So we 
deduce that 

= {cu e $r^(^n) | w ends with 1}. 

On the other hand, by the construction of the correspondence between binary words 
and partitions, it can be checked that u ends with 1 if and only if Ai = ri — A'^(l), 
where A = A(a;). Since Rn = ^i^{Fn), we obtain that 

={cj e Rn\ uj ends with 1} 

={cu e Rn I A = A(a;), Ai = n - iV^(l)}, 

that is, R'^ = ^i^{F^). This completes the proof. I 
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3 Eulerian pair derived from F 



In this section, we shall extend the bijection of Steingnmsson [TU] on permutations 
to a map F on words. While the extended map is not a bijection, it stili transforms 
the descent number to the excedance number. As far as F„ is concerned, the map F is 
not injective, but it turns out to be injective on F^. Therefore, we obtain an Eulerian 
pair (F^,F(F^)). So the objective of this section is to compute F(F^). The foUowing 
theorem gives a description of F(F^). 

Theorem 3.1 Let 

T„ = {ujE {1,2}; I A = AH, Al <n- N^l), iV,(l) - 1 < /(A) = A,(a) < N^il)}. 
Then we have T{F^) = Tn- In other words, {F^,Tn) is an Eulerian pair. 

The proof of the above theorem consists of several steps. First, we extend Ste- 
ingrimsson's bijection on permutations to a map F on words, and we show that F maps 
the descent number to the excedance number. Then we give an explicit expression for 
F(a;) when a; is a binary word. Finally, we show that F is injective on F^ and we give 
a description of F(F^) in terms of the partition representation of a binary word. 

We begin with an overview of Steingn'msson's bijection on permutations. Let tt = 
7ri7r2 ■ ■ ■ 7r„ be a permutation of [n]. Note that any permutation of [n] can be viewed as 
a one-to-one function on [n]. For notational convenience, let (piir) = /(l)/(2) ■ ■ ■ f{n). 
Instead of computing f{k) directly, we proceed to find out ik such that f{ik) = T^k for 
1 < k < n. Set TTo = and vr^+i = ri + 1. If there exists an integer m such that 
k < m < n and tt^ < vr^, then we set ik = TTk+i, that is, /(vr^+i) = tt^.. Otherwise, let 
j he the largest number such that Tij < tt^., and we set ik = 7^j+i, i-e., /(vr^+i) = tt^. 
For example, let tt = 174586293. Then we have 



that is. 









= 7r2, 


/(vr4) 






/(^5) = 


7r4, 




= TTs, 








/(^2) = 




fM 


= 7'"8, 








/(l) 


= 1, 


/(4) 


= 7, 


/(5) = 


4, 




/(8) 


= 5, 


/(6) 


= 8, 


/(2) = 


6, 




m 


= 2, 


/(3) 


= 9, 


/(9) = 


3, 





and so 0(7r) = /(l)/(2) ■ ■ ■ /(9) = 169748253. 

Steingn'msson's bijection can be extended to a map F on words. Recali that the 
standardization of a word u = «102 ■ ■ - an is a permutation /?i/32 ■ ■ ■ Pn on [n], where 
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the leftmost smallest element of u is replaced by 1, and the leftmost smallest element 
among the remaining elements of u is replaced by 2, and so on. Formally speaking, the 
standardization of oj can be expressed as tt = /3^(l)/3^(2) ■ ■ ■ j3^{n) on [n], where 
is given by 

= #{j \l < j <n,aj < ai} + #{j \ j < i, aj = ai}. (3.1) 

Let u = aia2 ■ ■ ■ a„ be a word. The map F is defined as follows. Assume that 
TT = f3uj{2) ■ ■ ■ I3u}{n) is the standardization of u. We first apply the map (j) to 
TT to obtain a permutation (p{n). Write 0(7r) as /(l)/(2) ■ ■ - fin), where / is a one- 
to-one function on [n]. Keep in mind that /3^(l)/3i^(2) ■ ■ ■ (5^{n) is a permutation on 
[n]. Thus, for 1 < i < ri, there exists a unique integer ji such that Pui^jì) = f{i). 
Then r(a;) is defined to be the word aj-^aj,^ ■ ■ -dj^. For example, let u = 132232131. 
Then the standardization of w is vr = 174586293 and (p^ir) = 169748253. So we have 
T{uj) = 123323121. 

The foUowing theorem shows that the map F also transforms the descent number 
to the excedance number. 

Theorem 3.2 For any word u, we have 

des(a;) = exc(F(a;)). 

Proof. Assume that u = aia2 ■ ■ ■ an is a word. Let vr = /3(^(l)/3(^(2) ■ ■ ■ Pui{n) be the 
standardization of cj. Since Steingrfmsson's bijection maps the descent number to the 
excedance number, it sufìices to show that des(a;) = des(7r) and exc((/)(7r)) = exc(F(ci;)). 

It is evident that des(a;) = des(7r). We proceed to show that exc(</)(7r)) = exc(F(a;)). 
To this end, we set (/'(vr) = /(l)/(2) ■ ■ ■ f{n) and represent 0(7r) and T{uj) in the two-line 
notation as 

fi 2 ■■■ i ■ ■ ■ n \ 

^^""^ ^ V /(l) /(2) ■■■ /(^) ■■■ fin))' 

, I X\ X2 ■ ■ ■ Xi ■ ■ ■ \ 

= [h b2 ■■■ k ■■■ bj- 

Fot 1 < i < n, it can be seen that 6j > Xi implies f{i) > i. It follows that exc(F(ci;)) < 
exc(0(7r)). Conversely, suppose that f{i) > i. We aim to show that bi > Xj. Assume 
f{i) = I3i^{k) for some k. By the construction of Steingrfmsson's bijection, we find that 
i = j3^{k -\- 1). This yields that Pi^ik) > I3^{k + 1) . So we obtain that a^ > a^+i. To 
complete the proof, it is necessary to show that 6j = a^ and Xi = a^+i. In fact, since 
Puj{k + 1) = i, one can deduce that Xi = ak+i from the definition of standardization. On 
the other hand, in view of the construction of F, we see that bi = since Pcuik) = f{i). 
Thus we reach the conclusion that bi > Xj. Hence exc(F(c<;)) > exc((^(7r)). This 
completes the proof. 
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Next we consider the restriction of F to words on {1, 2}. In this case, it is easy to 
verify that r(a;2™) = r{uj)2"^ for m > 1. The following lemma shows how to compute 
Tiul"") based on r(a;). 

Lemma 3.3 Suppose that u is a binary word of length n that contains k ones. Let 
T{u) = bib2---bn- Assume that t is the largest integer i such that u ends with 2*. 
Set U = 6i&2 ■ ■ - bk and V = bk+ibk+2 ■ ■ ■ bn-t- Then we have the following recurrence 
relations: 

(1) lft = 0, then T{ul) = UlV. In general, ift = 0, then Tiul"") = UV^V for any 
m > 1; 

(2) lft>0, then T{lo1) = U2V12*^\ In general, ift>0, then we have r(a;l™) = 
f;2i'"-il/12*-i for anym>l. 

Proof. Let u = aia2 ■ ■ ■ an and a„+i = 1. Suppose that T{ul) = ciC2 ■ ■ ■ c„+i. To deter- 
mine r(ci;l), we consider occurrences of ones in r(a;l). Assume that a^j, a^j, . . . , a^^. are 
the ones in u, where si < S2 < ■ ■ ■ < Sk- Let us define = and = 
for 1 < i < n and 1 < j < n + 1. It can be seen that P'{n + 1) = A; + 1 and for i < n, 



Thus we have 



i3{i), ifai = l; 
(3{i) + 1, otherwise. 



{f3'{s,)<f3'{s2)<---<f3'{sk)} = {l,2,...,k} 

and 

{(3'{i)\l <i<n,ai = 2} = {k + 2,--- ,n + l}. 

By the construction of F, it is not hard to see that bf^^si+i) = o^-^j = 1 and C/3'(s^+i) = 
o-si+i = 1 for < i < k — 1, where sq = 0. For < i < k — 1, it is clear that + < k 
if and only if /3'{si + 1) = + 1). This means that the ones in ciC2 ■ ■ ■ Ck appear 
in the same positions as in U. Moreover, for the case /3'{si + 1) > A; + 2, we see that 
(3'{si + 1) = (3{si + 1) + 1. In other words, a one appearing in the j-th position in V 
corresponds to a one in the j-th position in Ck+2Ck+3 ■ ■ ■ c„+i. 

Let US further consider the position of a„+i in F(a;l). Observe that Sk = n — t. 
By the construction of F, we find that Cj3'(^n-t+i) = ^n+i = 1- If t = 0, then Ck+i = 
C/3'(n+i) = o,n+i, which meaus that a„+i is in the (A; + l)-th position in F(a;l). When 
t > 0, since f3'{n — t + 1) = n — t + 2, we find that Cn-t+2 = C/3'(„_j+i) = a„+i. Thus 
ttn+i is in the (n — t + 2)-th position in F(a;l). In summary, we deduce that 

UlV, if t = 0; 

F(a;l) = <( (3.2) 
^ U2V12^^\ iìt>0. 
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So the lemma holds for m = 1. Assume that the lemma is valid for m — 1, where 
m > 1, that is, 

- Uim~iy^ ift = 0; 

^721™-2■^/12*-^ if t > 0. 
In order to compute TiooV^) based on the formula for T{uìY'^~^), we set lo' = ul"^~^, 



Tiul 



m—l\ 



U'-- 

and 

V 



[/21'"-2, ift>0, 

V, iit = 0; 

V12^~\ ift>0. 



By the induction hypothesis, we have = U'V . Since u' ends with 1, using formula 
f l3.2p . we obtain that r(aj'l) = U'iV. Therefore, we deduce that 



TiuV 



Ur^V, if t = 0; 

f/21'"^Vl2*"i, ift>0. 



This completes the proof. I 
We are now ready to compute r(a;) for any binary word u. 

Lemma 3.4 Gzven a word u = I'»o2"oimi2m . . . ^md2nd on {1, 2}, we have 

Y(^u}) = x"*o21'"i"^ ■ ■ ■ 2i™<i-i-i2]^™d2"''~^12"^~^ • • ■ 2"''"2~^12"''"-^~^"''"'* (3 3) 

Proof. We proceed to use induction on the descent number d. The lemma is obvious 
when d = since r(l'"o2"o) = l™o2"o, For > 0, assume that formula is true for 
d = k-1. We aim to show it holds for d = k. Let u = i"»o2"oi"ii2"i . . . imfc-i2"fe-i. 
By the induction hypothesis, we have 

r(;y) = ]^"*o2]^"ii-i . . . 2l"^'=-2-i21'"''~^2"''~"'^12"^~^ ■ ■ ■ 2"''-3~^12"'''~^~"'^'''"'''~^ 
By Lemma [3.31 we fìnd that 

r{u) =r(z/i™'=)2"* 

_]^'Tìo2]^n'-i-i . . . 2\^k-2-^2\"^''-^~^21"^''2^"~^12"^~^ ■ ■ ■ 2'^'^~^~^12^''^'^~^12^''^^~^2^'' 
_]_mo2]^mi-i . . . 2]_'"fe-i~i21™'''2"''^"'"12"^~"'" ■ ■ ■ 2"'="2~"'"12"''~-'-~"'"~''"'* 

as desired. This completes the proof. I 
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It should be noted that T is neither surjective nor injective on For example, 
there is no u satisfying T{uj) = 2121. We also have 

1(2212^12^1) = 1(2^12212212) = 1(2^12212122) = 2^1212122. 

However, as will be seen, F is injective on F^. This fact leads to another Eulerian pair 

Proof of Theorem \ 3.1[ First, we show that F is injective on F'^. Suppose that u = 
;Lmo2noi2"i . . . I2"d-2l2"d-il and u' = \<2<V2< ■ ■ ■ \1P'''^'~^\T'ì'-^\ are two words in F'^ 
such that F(a;) = F(a;')- By Lemma[33l we obtain that = I'"o2"!i2"o-i . . . 2"d-2-il 
and T{u') = l™Ó2'^'l2™ó-i . . . 2''^'-2"^l. It follows that d = d', niQ = m'^ and rn = n[ for 
any Q < i < d — 1. Hence we deduce that uj = uj' . This imphes that F is injective on 
F' . 

n 

It remains to show that r„ = F(F^). Suppose that u = i^o^^n^'^^T'^ ■ ■ ■ V^ìT'ì e 
F'^. Clearly, we have mo = or 1, ra^ = and mj = 1 for 1 < i < (i, that is, 

ijj = i™o2«oi2"i . . . 12"''-n2"''-il, 

and d = A^aj(l) — '^^o- By Lemma [3.41 we find that 

T{uj) = i™o2'ii2"o-ii2''i"^ ■ • • i2"'*-2-H2''''-i"\ 

Let A = A(F(aj)). It is clear that A has exactly d parts with 

Al = n - NM) - rid-i + l<n- N^{1) 

and \(i = d. It follows that T{u) G T„ and so F(F^) C 

Conversely, let cr = aia2---a„ G T„. Set k = Na-{1) and fi = A(a). By the 
definition of T„, we have fii < n — k and k — 1 < = < k. So we may assume 
that /il = n — k — t, where t > 0. By the construction of fi, we see that t equals the 
largest i such that a ends with 2*. 

If l{fi) = fii(^fj_) = k, then a is of the form 2*^lafc+2 ■ ■ ■ a„„(„il2*. Since n — k — t = 
A^i > A^fc = k, there exists a sequence of k — 1 positive integers no, ni, ■ ■ ■ ,nk-2 such 
that a is of the form 2'=12"«-il2'^i-i ■ ■ ■ 2'^*-2-ii2*. Let p = T'nT'^X- ■ ■T'^-n2^^^\. 
Obviously, p G F'^. It follows from Lemma 13.41 that F(p) = o. For the case /(/i) = 
= A; — 1, by a similar argument, it can be shown that there exists a word p' in 
F'^ such that F(p') = a. So T„ C F(F^). Consequently, we arrive at the assertion 

Tn = r(FO. I 

We conclude this section with a remark that F(F„) = F(F^). In fact, for any word 
^ ^ imo2noi2"i . . . I2"d-il2"'' G F„, let o = l™«2"n2"i ■ ■ ■ 12"^-i+"'*l in F^. Then we 
have T{u) = F(cr). 
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4 Concluding Remarks 



In this section, we make some remarks on Euler-Mahonian pairs on binary words, 
which are related to the bijections $i, $2 and F. To be more specific, we notice that 
the Mahonian pairs found by Sagan and Savage [9] are indeed Euler-Mahonian pairs. 

Por any word u = 1™"2"''' ■ ■ ■ r'"d2"'*, Sagan and Savage have shown that 

$2(0;) = i™d-i2i'»d-i-i2 ■ ■ ■ i™i-i21™"2"o~42"i"^l ■ ■ ■ 2"''-i-42"^ (4.1) 

where $2 is the second fundamental transformation. Based on the above formula, they 
obtained Mahonian pairs {S, T) on binary words with S ^ T, such as $2(-S„)) and 
{Fn, $2(-^n)), where Bn is the set of ballot sequences counted by the Catalan number 
and Fn is the set of Fibonacci words. 

It is clear from fl4.ip that des(ci;) = exc($2('^))- So we deduce that the Mahonian 
pairs [S, T) given by Sagan and Savage [S] are Euler-Mahonian pairs in the sense that 

It should be noted that Eulerian pairs considered in the previous sections are 
different from those derived from $2, since in general $2(Fn) 7^ ^i^i^n), ^2ÌF^) 7^ 
$j~^(F^) and ^2{F^) 7^ T{F^). However, for the set G„ of binary words of length n with 
no consecutive twos, it turns out that the Eulerian pairs (G„, $f (G„,$2(G'n)) 
and {Gn, F(G„)) are the same. Meanwhile, we fìnd a set H of binary words for which 

Theorem 4.1 Let Gn be the set of words in {1,2}* with no consecutive twos and let 

H = {u = i™o2noimi2ni . . . ^m,2"'*| = nid - 1, nii = nid-i for 1 < i < d - 1}. 
Then we have $2(G'„) = ^^^{Gn) = F(G„,) and ^i^{uj) = $2(w) for any u e H. 

Proof. Given a word u; G Gn with d descents, it can be written uniquely as 

j^mo2]^"ll2 . . . ]^'"d2'^d 

where nio > 0, = or 1, and > for 1 < i < d. By formula (12. 3p and Lemma 
13.41 we find that $j"^(a;) = F(a;) for ali u G G„. Therefore, we have $]^^(G„) = F(G„). 
To show that ^i^{Gn) = $2(G„), we defìne a map Lp on binary words 

(y9(l™°2"°l™^2""'" ■ ■ ■ i"*'*-! 2"'*"i l'"'*2"'') = i"*d~-'-2"''l'"''"i2"^ ■ ■ ■ 2"''"21'"-'-2"''"-'- 1™'''~''"'"2"'* 

It is easy to check that Lp is an involution on {1,2}*. Moreover, we observe that 
Lp{Gn) = Gn- Using formulae (H?T]) and 02.31) . we obtain that $2(1^) = ^i^i^i^^)) for 
any u G G„. Thus we have $]^^(G„) = $2(G„). 

By the definition of Lp, we fìnd that H = {u E {1, 2}* | ip{uj) = u}. Since we have 
proved that $2(1^) = ^l'^i'^i^)) ^oi any binary word co, it foUows that ^^^(cu) = $2(w) 
for any u E H. I 
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